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DamageThe aim of this work is to present an efﬁcient numerical strategy for studying the inﬂuence of the mate-
rial parameters on problems involving 3D assemblies of composite parts with contact and friction. This
approach is based on the multiscale LATIN method with domain decomposition and its ability to reuse
the solution of one problem (for a particular set of parameters) to solve many similar problems, each
associated with another set of parameters. The presentation of the proposed calculation method will
be followed by two sample applications, one with variabilities in the cohesive interface laws and the
other with variabilities in the damageable behavior laws, which characterize the composite material.
 2013 Elsevier Ltd. All rights reserved.1. Introduction
In order to reduce design and sizing costs, manufacturing indus-
tries are seeking to limit the number of actual tests and replace
them by numerical simulations. However, this approach may not
be entirely compatible with the recent adoption by aeronautical
industries of composite materials, whose behavior is complex
and often imperfectly known. Taking these material uncertainties
into account leads to the introduction of variabilities into the con-
stitutive model. Starting with the hypothesis that the material
properties of a composite material can be modeled within the
framework of the probability theory, a very rich mathematical
background is available to completely characterize the probabilis-
tic behavior and the evolution of the structure under an external
perturbation. When dealing with complex systems, approximate
methods and numerical integration are necessary. If the uncertain-
ties are small, the perturbation theory is a very valuable tool for
analyzing their effect (see Kleiber and Hien, 1992). If they are large,
then the perturbation theory is not applicable. One obvious way to
solve Stochastic Partial Differential Equation (SPDEs) is the Monte
Carlo method. This method is expensive, especially if higher-order
accuracy for mean values, standard variations, queues of distribu-
tions, etc. is sought. Various numerical methods for solving SPDEs
have been proposed in the literature in Ghanem and Kruger (1996).Ghanem and Spanos (1991), and Ghanem (1999) propose a hybrid
ﬁnite element/spectral approach called the Spectral Stochastic Fi-
nite Element Method (SSFEM). An extended review of these meth-
ods is available in Kaminski (2005). We propose here an alternative
approach to reduce the computational costs.
Furthermore, the simulation of assemblies of composite parts
raises two difﬁculties: the interactions among the components,
which are often complex and nonlinear with frictional contact
problems, and the material’s behavior, especially its degradation.
Contact problems are characterized by constraints such as non-
penetration conditions, and an active area of contact – that is, an
area where contact effectively occurs – that is unknown a priori.
For these reasons, these problems lead to stiff non-linear system
of equations. Several approaches exist for solving static contact
problems (Kikuchi and Oden, 1988; Zhong and Mackerle, 1992;
Wriggers, 1995). In most of them, the numerical methods that
are employed for enforcing the contact constraints can be grouped
into Lagrange multiplier and penalty methods (Wriggers et al.,
1985). The penalty methods, used in Kikuchi (1982) and Armero
and Petcz (1998), are closely related to the regularization of the
contact constraints. They are usually formulated in terms of the
displacement variables and therefore are primal methods. They al-
low treating contact as a material behaviour, as exempliﬁed by the
method of joint ﬁnite elements in Alart and Curnier (1991). Penalty
methods can experience various numerical difﬁculties, especially
ill-conditioning, when a too large or too small penalty parameter
is introduced. Lagrange multiplier methods are dual methods
where the multipliers, which represent the contact reaction forces,
are introduced in order to enforce exactly the non-penetration con-
ditions. Augmented Lagrange multiplier methods, used in Arora et
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(1998), result in mixed formulations involving both displacement
and force unknowns. The numerical solution schemes underlying
both the Lagrange multiplier and augmented Lagrange multiplier
methods are often related to the Uzawa algorithm (see Simo and
Laursen, 1992; Champaney et al., 1999).
Consequently, it is necessary to develop an efﬁcient numerical
strategy dedicated to the resolution of nonlinear problems involv-
ing very large numbers of degrees of freedom. Variabilities may be
introduced either at the level of the interactions among parts (fric-
tion coefﬁcients, preloads, etc.) or in the constitutive material
model itself. Thus, the solution of the problem is no longer the re-
sult of a deterministic calculation, but must be viewed as a re-
sponse function of the input parameters.
In the rest of this work, we will assume that the variation range
of each parameter is divided into a ﬁnite number of values. Thus,
each set of the parameters deﬁnes an associated problem. Then,
a parametric study consists in solving as many problems as there
are parameter sets. Therefore, one must be able to solve a very
large number of ‘‘similar’’ problems. In order to do that, we will
use a multiparametric strategy, which was already presented in
Boucard and Champaney (2003), Champaney et al. (2008) and
Champaney (2011) for assemblies with contact and friction, but
only in the case of linear and elastic materials. The main contribu-
tion of this work is an extension of this strategy to material nonlin-
earities. In particular, we will show that special care must be taken
when using the multiparametric strategy in order to take into ac-
count damageable laws.
This extension is mandatory if one wishes to model the behav-
ior of laminated composites. Indeed, many approaches can be
found in the literature for modeling the behavior and simulating
the damage state of such materials. These approaches can be di-
vided into three categories depending on the observation scale.
Historically, the ﬁrst models to be used in this context were mac-
roscopic models. These models introduce a posteriori fracture crite-
ria such as those presented by Tsai and Wu (1971) and Azzi and
Tsai (1965) or, more recently, in the context of the World Wide
Failure Exercise in Hinton et al. (2004). The second category of ap-
proaches seeks to represent the degradation of the materials
explicitly. There are many such models, known as microscopic
models because of the physical observation scale, and several re-
view papers have been dedicated to them such as Nairn and Hu
(1994), Nairn (2000), Berthelot (2003). Finally, halfway between
these two categories, there is a third approach in which the mate-
rial is considered on an intermediate scale, called the mesoscale.
While these methods no longer represent the degradations explic-
itly, they seek to take into account their effect on the behavior
mainly through damage mechanics Kachanov (1958). In this paper,
we will use LMTs (Laboratoire de Mécanique et Technologie) stan-
dard damage mesomodel developed in Ladevèze (1986), Ladevèze
and Le Dantec (1992), Allix (1992), which belongs to that last cat-
egory of approaches. This model is summarized in the next section
but is not developed in this work.
The choice of a mesomodel is a compromise between efﬁciency
and accuracy. Nevertheless, modeling an assembly of composite
parts inevitably leads to the deﬁnition of a very large nonlinear
problem, which cannot be addressed by direct solvers. The resolu-
tion of such a problem requires a dedicated strategy. A ﬁrst cate-
gory of approaches consists in the homogeneization of micro
problems in order to solve a macro one. The micro problems can
be computed with a classical ﬁnite element method (FE2 (Finite
Element square) method (Feyel and Chaboche, 2000; Feyel,
2003)) or other methods such as the Voronoï cell ﬁnite element
method (Ghosh et al., 1995; Ghosh et al., 2001). Other approaches
consists in dividing the problem into several smaller subproblems,
which leads to an optimal use of parallel computing architectures.These methods, known as domain decomposition methods, can be
categorized according to the boundary unknowns, which are
shared by the subdomains. Primal methods, such as the BDD (Bal-
ancing Domain Decomposition) method shown in Le Tallec et al.
(1991) and Mandel (1993)), deﬁne the relation among the subdo-
mains in terms of displacements. Dual methods, such as the FETI
(Finite Element by Tearing and Interconnecting) method shown
in Farhat and Roux (1992) and Farhat et al. (2001), seek to express
the link in terms of forces. Finally, there is a category of methods,
called mixed methods with few examples in Rixen and Farhat
(1999), Series et al. (2003), Farhat et al. (2000) and Mandel and
Tezaur (1996), which use both primal and dual quantities to con-
nect the subdomains. The introduction of contact and friction into
the relations lends itself naturally to the use of mixed methods,
such as in Dostal et al. (1998) and Dureisseix and Farhat (2001).
The LATIN (for LArge Time INcrement) method, which was
introduced in Ladevèze (1985) and Ladevèze (1999), relies on a
mixed domain decomposition method. The domain is divided into
volume entities, called substructures, which are separated from
one another by surface entities, called interfaces. The scalability
of the method, which is crucial if a large number of substructures
and interfaces is to be considered, is provided by the deﬁnition of a
macroscopic problem described by Ladevèze and Dureisseix (2000)
and developed in the case of cohesive interfaces and elastic plies by
Kerfriden et al. (2009). The main addition of this work is to take
into account the material non-linearities in the plies, such as dam-
age and plasticity, with a generalization of the LATIN method in the
case of non-linear material behavior.
After a rapid presentation of the damage mesomodel used in
our work, we will give the details of our calculation strategy with
non-linear materials and introduce the principle of the multipara-
metric approach. Finally, we will study two examples in order to
illustrate the performance of our method in the case of variable
interface or material behavior.2. Description of the material’s constitutive model
For the purpose of this paper, the material’s behavior is mod-
eled using the standard version of the damage mesomodel devel-
oped in Ladevèze (1986), Ladevèze and Le Dantec (1992) and
Allix (1992)).
This model is chosen for its capabilities to reproduce complex
damage phenomena such as delamination between plies (Allix
et al., 1995; Bordeu et al., 2011) and distribution of damage in
the plies of laminate (Ladevèze et al., 1998; Lubineau and Lade-
vèze, 2008). In these works, comparisons have been carried out
with experimental tests that show perfectly consistent results in
terms of global behaviour (load–displacement curves) or local
behaviour (X-ray radiography on laminates).
This model relies on the central idea that the composite consists
of two constituents: the ply, which is damageable and inelastic,
and the interface, which is elastic and damageable. Each mesocon-
stituent is deﬁned independently of the others and possesses its
own unknowns and its own constitutive relation (see Fig. 1).
2.1. Behavior of the interface
The interface is assumed to be subjected to an orthotropic dam-
ageable behavior controlled by a single damage variable d. The
associated thermodynamic force is deﬁned by:
YðtÞ ¼ sup
s6t
1
2
hr33ðsÞi2þ
k0nð1 dðsÞÞ2
" #a
þ
X2
i¼1
ci
hr3iðsÞi2þ
k0t ð1 dðsÞÞ2
" #a !1=a8<:
9=;
ð1Þ
Fig. 1. Decomposition of the composite into plies and interfaces.
Table 1
The material coefﬁcients of the cohesive interface.
Parameter Value Variability
k0n 7120 N mm
1 Yes
k0t 5900 N mm
1 No
c1 ¼ c2 0.4 No
a 1.0 No
Y0 0.0 MPa No
YC 0.18 MPa Yes
a 1 No
sc 0.01 s No
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stresses in the two transverse directions, and a denotes the brittle-
ness of the material. The damage evolution law depends on the
material function x deﬁned by:
x ¼ n
nþ 1
hY  Y0iþ
YC  Y0
" #n
ð2Þ
Then, the evolution law, including what is called a delay effect, can
be expressed as a function of x:
_d ¼ 1s0c 1 expða
0hx diþÞ
 
if d < 1
d ¼ 1 otherwise
(
ð3Þ
The values of the material coefﬁcients, which deﬁne the behavior of
the interface, are those of the material type studied in Allix (1992).
They are given in Table 1. These values will be the same for the two
examples presented at the end of the paper.
2.2. Description of the ply’s behavior
Due to the very structure of the ply, its behavior is highly direc-
tional and, therefore, anisotropic. Therefore, the damage state of
the ply is deﬁned by the three damage variables dF (associated
with ﬁber breakage), d and d0. These variables are assumed to be
constant throughout the thickness of each ply. The thermodynamic
damage forces associated with each variable are:
YF ¼ 1ð1 dFÞ2
r211
E01

X2
i¼1
X3
j>i
mij
E0i
þ mji
E0j
 !
riirjj
* +* +
Yd ¼ 1ð1 dÞ2
r212
G012
þ r
2
23
G023
þ r
2
31
G031
* +* +
Yd0 ¼
1
ð1 d0Þ2
hr22i2þ
E02
þ hr33i
2
þ
E03
* +* +where indices 1;2 and 3 denote respectively the direction of the ﬁ-
bers, the direction perpendicular to the ﬁbers, and the normal to the
ply. :h ih i and h:iþ designate respectively the mean value through the
ply’s thickness and the positive part of the variable.
The mixed damage forces are deﬁned by:
YdðtÞ ¼ sup
s6t
YdðsÞ þ bYd0 ðsÞð Þ ð4Þ
YFðtÞ ¼ sup
s6t
YFðsÞð Þ ð5Þ
where b is the coupling between the transverse and shear energies.
For small damage rates, the damage variables are governed by:
d ¼ xd ¼
ﬃﬃﬃﬃﬃﬃﬃ
YdðtÞ
p

ﬃﬃﬃﬃ
Y0
pﬃﬃﬃﬃ
YC
p

ﬃﬃﬃﬃ
Y0
p if d < 1
1 otherwise
8<: ð6Þ
d0 ¼ xd0 ¼ bd
0 if d < 1 and d0 < 1
1 otherwise
(
ð7Þ
dF ¼ 0 if YFðtÞ < Y
C
F
1 otherwise
(
ð8Þ
The expressions for xd and xd0 introduce two material parameters:
the damage threshold Y0 and a critical value YC . The inﬂuence of the
latter will be studied in Section 5. The extension to large damage
rates is carried out traditionally by introducing evolution laws with
delay effects for d and d0.
The last degradation phenomenon of the material’s structure is
sliding of the matrix along the ﬁbers with friction. This leads to
inelastic strains, which are described in detail in Ladevèze and Le
Dantec (1992). In order to introduce these irreversible strains into
the model, we seek to describe the behavior in terms of ‘‘effective’’
quantities: er and _e
p
represent respectively the effective stress and
the effective strain, which satisfy Trðr _e
p
Þ ¼ Trðer _e
p
Þ with:
er11 ¼ r11; er12 ¼ r121 d ; er23 ¼ r231 d ; er13 ¼ r131 d ;er22 ¼ hr22iþ
1 d0  hr22iþ;
er33 ¼ hr33iþ
1 d0  hr33iþ
Classically, the yield function f satisﬁes the condition:
f ðer; eRÞ ¼ er212 þ er223 þ er213 þ c2 er222 þ er233  1=2|ﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ}ereq
R R0 6 0
where c is a material coupling parameter, p is the accumulated plas-
tic strain, R0 is the initial yield stress and R is the strain hardening
function deﬁned by:
R ¼ kppm ð9Þ
With the change of variable ep ¼ pm, Relation (9) can be considered
to be linear. Therefore, the hardening function can be considered to
be linear with respect to ep and written as:
R ¼ kpep
Finally, the plasticity evolution law must satisfy the following
conditions:
_e
p
¼ _p @f
@ er and _p ¼ ereq @R@p
 	1
if f ¼ 0
0 otherwise
8<:
In this paper, we will use the material coefﬁcients of Table 2 for
the plies, which are identiﬁed on the material studied in Ladevèze
and Le Dantec (1992).
In order to simplify the notations for the remainder of the pa-
per, let us introduce the ‘‘meta’’ variables X ¼ ep; d; d0; dF T and
Y ¼ R;Yd;Yd0 ; YFð ÞT , and rewrite the ply’s equations in the follow-
ing generic form:
Table 2
The material coefﬁcients of the ply (with 1 representing the ﬁber direction).
Parameter Value Variability
E01 181.5 GPa No
E02 9.9 GPa No
E03 9.9 GPa No
m12 0.34 No
m13 0.34 No
m23 0.49 No
G12 6.16 GPa No
G13 6.16 GPa No
G23 3.08 GPa No
Y0 0 MPa No
YC 0.5 MPa Yes
YF 40 MPa No
b 0.2 No
a 1 No
sc 0.05 s No
Fig. 2. The LATIN domain decomposition.
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Y ¼ AX ð11Þ Evolution laws:
_e
p
 _X
" #
¼ B r
Y

  
ð12ÞFig. 4. Graphical representation of the iterative scheme of the LATIN method.3. The computational strategy
In this section, we will describe the LATIN method in the case of
nonlinear material. The computational strategy we chose relies on
the multiscale LATIN method developed in Ladevèze (1999) and
Ladevèze et al. (2001), which consists in:
 dividing the global domain into substructures and interfaces in
order to deﬁne a unique problem for each element resulting
from the decomposition;
 dividing the equations of the problem into two groups: the lin-
ear equations and the local equations;
 solving the problem by means of an iterative calculation
scheme.
This method has already been applied in Kerfriden et al. (2009) for
composites made of orthotropic elastic plies and damageable
(cohesive) interfaces. In that context, the decomposition of the
domain was natural: the composite’s plies were modeled by the
(linear) substructures issued from the decomposition and the
cohesive interfaces were identical to the interfaces of the decom-
position. We want to preserve this rather intuitive decomposition,
but extend the method’s domain of application to damageable
materials, which follow the constitutive model of Section 2. There-
fore, the nonlinearities will not be concentrated at the interface
level, but will also apply to the substructures.
3.1. Decomposition of the domain
Assuming small displacements and quasi-static isothermal evo-
lution, the problem is deﬁned for a structureX subjected to volume
forces f d, to forces Fd over a part @X2 of its boundary, and to pre-
scribed displacements Ud over the complementary part @X1 of
@X. Here, we consider that the problem has already been decom-
posed and that each substructure is separated from the adjacent
substructures by interfaces (with cohesive or frictional contact
behavior), as shown in Fig. 2.Let us consider a substructure XE resulting from that decompo-
sition. The state of this substructure is deﬁned by a Cauchy stress
ﬁeld rE, an inelastic strain ﬁeld eEp, and a set of values of the inter-
nal variables XE (damage variables and accumulated plastic strain)
and their conjugate quantities YE.
Let us also consider an interface CEE
0
between two substructures
XE and XE
0
. The state of this interface is deﬁned by a pair of force
ﬁelds ðFE; FE0 Þ, a pair of velocity ﬁelds ð _WE; _WE
0
Þ (see Fig. 3) along
with the damage variables d in the case of a cohesive interface,
and the conjugate quantities Yd.
The global state of the structure, denoted s, is deﬁned by the
state of each subdomain (interface or substructure).
3.2. The LATIN method
The LATIN method used here is based on two key points. The
ﬁrst key point is the separation of the equations of the problem
into two groups: the linear equations, whose solutions (which
can be local) are denoted Ad, and the local equations, whose solu-
tions (which can be nonlinear) are denoted C. Thus, the exact solu-
tion of the global problem is the intersection of Ad and C. The
second key point is the introduction of an iterative scheme in order
to obtain this exact solution by building successive approximations
of the solution s belonging to Ad and to C alternatively. Switching
from one solution space to the other requires the introduction of
V. Roulet et al. / International Journal of Solids and Structures 50 (2013) 2749–2757 2753new equations called the search directions (Eþ and E). The role of
the search directions is illustrated in Fig. 4, which represents the
evolution of the algorithm in the space of the solutions.
Thus, each LATIN iteration consists of two steps:
 the local step: starting from sn 2 Ad, ﬁnd bsn such that bsn 2 C andbsn  sn 2 Eþ
 the linear step: starting from bsn 2 C, ﬁnd snþ1 such that snþ1 2 Ad
et snþ1  bsn 2 E
The search directions are linear equations and are parameters of
the methods, which affect only the convergence rate of the algo-
rithm, but not the ﬁnal solution of the problem. They involve both
the interface unknowns (Eqs. (13, 15)) and the substructure
unknowns (Eqs. (14) and (16)). Their expressions are:
bsn  sn 2 Eþ ()
bFEn  FEn ¼ k0 _cWEn  _WEn  ð13Þ
brE
nbYEn
( )
¼ r
E
n
YEn
( )
ð14Þ
8>><>>>:
snþ1  bsn 2 E ()
FEnþ1  bFEn ¼ k0 _WEnþ1  _cWEn  ð15Þ
_eE
p;nþ1
XEnþ1
( )
¼
beE
p;nbXEnþ1
8<:
9=; ð16Þ
8>>><>>>:
3.3. Determination of the interface problem
The interface problem is classically solved during the local step
of the LATIN method. Let us consider an interface CEE
0
between two
substructures XE and XE
0
. At each iteration, ðFE; FE0 ; _WE; _WE
0
; d; YdÞ
must satisfy:
 the search direction (13) for the pairs ðFE; _WEÞ and ðFE0 ; _WE
0
Þ;
 the interface equilibrium: 8M 2 CEE0 ; bFEnðMÞ þ bFE0n ðMÞ ¼ 0;
 the (usually nonlinear) evolution laws, which, if one deﬁnes the
velocity jump by _WEE
0
nþ1=2 ¼
_cWE0n  _cWEn, may take the form:8M 2 CEE0 ;
bFEnðMÞ
YEE
0
d;n
8<:
9=; ¼ R _WEE
0
n ðMÞ
_dEE
0
n
( ) !
ð17ÞTable 3
Separation of the substructure’s constitutive relations.
Step Equations to be solved
Linear In the substructures:
Kinematic admissibility
Equilibrium
r ¼ Kdee
Y ¼ AX
Search directions (15, 16)
Local On the substructures:
_e
p
 _X
" #
¼ B r
Y

  
At the interfaces:
Behavior
Search directions (13, 14)The search directions at the interface (13,15) introduce a
parameter k0 whose optimal value with respect to the convergence
rate of the method was studied in Ladevèze et al. (2001).
3.4. Determination of the substructure problem
The mechanical problem to be solved in each substructure XE
consists in ﬁnding for each time step ðrE; eEp;XEYEÞ the evolution,
which veriﬁes:
 the kinematic admissibility;
 the equilibrium;
 thedamageablebehaviorof themesomodel’splies (Eqs. (10)–(12))
A major difﬁculty related to the introduction of the nonlinear
behavior of the substructures resides in the handling of the consti-
tutive relation (10) in the LATIN algorithm. Indeed, the method is
based on the separation of the equations, which are either localor linear. The constitutive relation, which depends on internal vari-
ables (damage), which are a priori unknown, is nonlinear.
The search direction (16), which is part of the constitutive rela-
tion (11), enables the calculations to be carried out for a damage
value, which is ﬁxed and known (because it was obtained in the lo-
cal step). Thus, once the damage is known, the constitutive relation
becomes a linear relation.
Once this difﬁculty has been eliminated, the separation of the
equations is a simple task: the solutions of the kinematic admissi-
bility, equilibrium and constitutive relations (10, 11) belong to Ad,
while the equations of the evolution laws (12) belong to C, as
shown in Table 3.
3.5. About discretization
A standard ﬁnite element discretization is used for the displace-
ment ﬁeld in the substructures. So the displacement U and the
strain e ﬁelds have the following form:
UðtÞ ¼ ½NfuðtÞg and eðUðtÞÞ ¼ ½BfuðtÞg
On the interfaces, a compatible discretization is applied to the
velocity ﬁelds and the forces:
_WEn ¼ ½Nf _wEng and
_cWEn ¼ ½Nf b_wEng
FEn ¼ ½Nff En g and bFEn ¼ ½Nfbf Eng
The resolution of the linear step considers that the complete
state of the interfaces (deﬁned by forces ﬁelds, velocity ﬁelds and
eventually damage variables) is computed during the last local
step. The parameter k0, deﬁned in the Eq. (15), can be considered
such as a stiffness between the interface and the substructures.
Consequently, a substructure is subjected to mixed boundary con-
ditions. Moreover, during this last local step, the damage state of
each substructure is also computed. This leads to a material behav-
ior, which can be considered elastic and linear because the damage
state is given.
The linear substructure problem takes into account the kine-
matic admissibility, the linear hebavior at prescribed damage state
and the search direction. It becomes, after discretization:
k0  ½HEf _uðtÞg þ ½KEfuðtÞg ¼ ½HE bf En1ðtÞ þ k0f b_wEnðtÞg 	
where:
½HE ¼
Z
@XE
½Nt  ½NdSE and ½KE ¼
Z
XE
½Bt  Kd  ½BdXE
½KE is the classical ﬁnite element stiffness matrix of substructure XE
at given damage state and ½HE is the boundary term related to the
interfaces.
Fig. 5. Graphical interpretation of the multiparametric method.
2754 V. Roulet et al. / International Journal of Solids and Structures 50 (2013) 2749–2757For the resolution of this differential equation, an Euler implicit
time integration scheme is used.
During the local step, the thermodynamical forces associated to
the damage state of the cohesive interfaces (deﬁning by the resolu-
tion of the Eqs. (1)–(3)) and of the plies (deﬁning by the resolution
of the Eqs. (4)–(8)) are given. The use of an Euler implicite time
integration scheme leads to a non-linear problem, deﬁned at each
Gauss point, which is solved with a Newton–Raphson scheme.
3.6. The multiparametric strategy
3.6.1. Principle
The objective of the multiparametric strategy is to solve a large
number of mechanically ‘‘similar’’ problems, each associated with
a set of parameters. The approach followed in this paper relies
on the possibility to initialize the LATIN method using any solution,
usually an elastic solution. We will take advantage of this possibil-
ity by initializing the resolution of a problem using the result of a
previously solved problem whose material parameters are consid-
ered to be relatively similar. Thus, a ﬁrst, mechanically relevant
approximation of the solution of the problem is available at no
additional computation cost.
A graphical representation of this strategy is given by Fig. 5. Fol-
lowing the calculation of a solution associated with problem
AAd \ CA, a new set of parameters is considered. In order to simplify
the ﬁgure, since the variabilities usually concern the nonlinear
equations, let us assume that AAd  ABd. Thus, the difference be-
tween problem A and problem B is contained in the solutions of
the local equations. Assuming that the parameters are only slightly
different, the space deﬁned by CB is relatively close to that deﬁned
by CA. Therefore, to initialize the resolution of problem B, it is usu-
ally more relevant to use the solution of problem A than to start
from an elastic solution.
3.6.2. Sources of variabilities
From a pragmatic standpoint, for designing an assembly of parts
made of composite materials, the parameters of the problem can
be categorized according to their range of variation:
 Elastic parameters: the elastic moduli and Poisson coefﬁcients
are usually well-known with few identiﬁcation tests. Therefore,
we will consider that a parametric study of their inﬂuence is
irrelevant.
 Nonlinear interface parameters: even though the friction coefﬁ-
cients and the parameters involved in the cohesive laws often
have a major inﬂuence on the solution, they are difﬁcult to iden-
tify. Therefore, a parametric study of these parameters is partic-
ularly appropriate.
 Nonlinear substructure parameters: the inﬂuence of these param-
eters on the stiffness matrix is signiﬁcant, but often very local,
which makes them difﬁcult to identify. Therefore, it may be
very relevant to resort to a parametric study to identify them.
We performed two parametric studies related to the last two
groups of parameters. The ﬁrst example concerns the case in which
the interface parameters vary; the second example addresses the
case in which the parameters affect the laws governing the
substructures.4. Application to a cohesive interface problem
4.1. Deﬁnition of the problem
This ﬁrst example assumes that the equations of the substruc-
tures are deterministic and that the variabilities concern the inter-faces alone. The objective of this section is to apply the
multiparametric strategy to a simple case including the cohesive
interfaces of the standard damage mesomodel.
The example concerns the opening of a laminate subjected to a
normal compression load. The laminate consisted of 5 tridimen-
sional plies, oriented in the 0 and 90 directions alternatively,
along with titanium blocks whose behavior was assumed to be lin-
ear, elastic and isotropic (see Fig. 6).
The multiparametric study was performed on parameters k0n
and Y0, which correspond to the initial stiffness of the interface
and to the damage threshold and were assumed to be equal at each
interface. Indeed, during a identiﬁcation test, the value of these
parameters are difﬁcult to determinate and cannot be well known.
The range of variation of each parameter was discretized into 26
arbitrarily values, leading to 676 different problems (see Table 4).
Fig. 6. A view of the laminate – the behavior of a cohesive interface.
Table 4
The values of parameters YC and k
0
n .
Parameter Min. value Max. value Step
YC 0.1 MPa 1.5 MPa 0.056 MPa
k0n 10
3 N/mm 107 N/mm a
a Denotes a constant step in the logarithmic space.
Fig. 7. Inﬂuence of the parameters on the opening of the laminate.
Table 5
CPU time and gain achieved with the multiparametric strategy.
Number of processors s1 l625 Gain
1 32 min 1098 min 18
6 10 min 330 min 19
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pressed in logarithmic scale, and that it is on that scale that the
points were regularly spaced.4.2. Results
The parameters of the cohesive laws play an important role in
the opening of each ply. Indeed, Fig. 7 shows the opening of the
laminate (deﬁned as the difference in the end displacements of
the upper and lower plies) as a function of the parameters.
Let us designate by:
 s1, the CPU time required for the resolution of the ﬁrst problem;
 s625, the CPU time required for the 625 resolutions, here esti-
mated to be 625 s1;
 l625, the CPU time required for the 625 resolutions using the
multiparametric strategy.The efﬁciency of the strategy is expressed by the gain G deﬁned by:G ¼ s625
l625
’ 625 s1
l625For all these non-linear analysis, the gain is computed considering
that:
 for the resolution of the ﬁrst problem, we use the LATIN method
to solve the non-linear problem (associated to CPU time s1),
 instead of an usual Finite Element software, the LATIN method
is used to obtain the CPU time reference s1 ; however they
are equivalent as showed in Roulet et al. (2011) with a compar-
ison between the commercial software ABAQUS and the LATIN
method,
 the CPU time associated to the 625 resolutions is estimated,
assuming that the CPU time is constant for each non-linear
analysis.
The gain shown in Table 5 is about 18 for both parallel and sequen-
tial computations. Thus, despite its ease of implementation, the
multiparametric strategy leads to a signiﬁcant improvement in
the computation time required for a parametric study.
In this example, the nonlinearities were concentrated only at
the interfaces. The substructures were considered to have linear
elastic behavior. Therefore, the state of the complete structure
was deﬁned by the values of the ﬁelds at the interfaces, and the
values of the ﬁelds within the substructures could be obtained di-
rectly through an elastic calculation with prescribed boundaries.
Thus, only the interface data needed to be stored for each problem
and transferred from one problem to another. The introduction of
nonlinearities on the substructure level precludes the use of this
trick and raises the crucial question of the storage of the solutions,
which is addressed by the second example.5. Application to damageable plies
For this example, the parameters involved in the evolution of
the damage were allowed to vary during the parametric study.
As explained above, the introduction of nonlinearities in the sub-
structures leads to the question of the storage of the solutions. In-
deed, while in the elastic case the ﬁelds at the interfaces were
sufﬁcient, now this is no longer the case. Nevertheless, we will
try to perform a calculation initialized by the previously calculated
interface ﬁelds alone. This calculation will be compared to a calcu-
lation whose initialization took into account the damage states of
all the substructures.
Table 6
Variations of the parameters.
Parameter Min. value Max. value step
Ui 0.01 mm 0.1 mm 0.01 mm
YC 0.1 MPa 1 MPa 0.1 MPa
Table 7
The memory storage requirements for the solution of one problem.
Initialization from . . . Memory requirement
the interface ﬁelds alone 1069.7 kB
the interface ﬁelds and the 2661.4 kB
internal variables of the substructures
Stiffness matrices 32,944.6 kB
(for one time step)
Fig. 9. Inﬂuence of the parameters on the reaction force.
Table 8
The gain observed in the parametric study.
Initialization 1 Resolution 121 Resolutions Gain
Interfaces 810 s 95,590 s 1.02
Interfaces & SST 810 s 7159 s 13.7
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In the problem considered here, the damage state of thematerial
inﬂuences the global behavior of the assembly drastically. The
objective was to carry out a 3D simulation of a 4-point bending test
(see Fig. 8). The three plates were made of a damageable laminate
and assembled by elastic bolts. The loading was applied in two
steps:
 a preloading step: a prescribed relative displacement Ui
between the head and the thread of each bolt;
 a bending step: a prescribed normal displacement at the head of
each bolt to induce the bending of the assembly.
5.2. Parametric study
A parametric study was carried out for two parameters: the pre-
load in the bolts Ui and the critical value Y
C . These parameters have
a non-negligible inﬂuence on the solution and are often unknown.
Each parameter was allowed 11 arbitrarily different values (see Ta-
ble 6), leading to 121 problems.
With regard to the richness of the initialization, which condi-
tions the storage space required for each solution, we considered
two approaches:
 an initialization from the interface ﬁelds alone, thus assuming
no initial damage;
 an initialization from the interface ﬁelds and the damage state
of the substructures.
Table 7 gives an idea of the memory required to store a solution
corresponding to the mesh used for this example. For each Gauss
point of each interface element, 7 ﬂoating-point numbers are nec-
essary (3 for the displacements, 3 for the loads, and one for the
damage variable); for each Gauss point in the substructures, 3
numbers are necessary (d; d0 and dF).
In other words, for the discretization considered here (linear
elements, 5 elements through the thickness of each ply), taking
into account the damage state in each Gauss point of each sub-
structure amounts to doubling the storage space required. While
storing the matrices is not necessary in order to use the multipara-
metric strategy, this enables one to compare the amount of RAM
required for the calculation and the disk space required for storing
the results.5.3. Results
The relevant quantity of interest for an easy comparison of the
solutions is necessarily a function of the damage state of the struc-
ture. Therefore, we chose to represent, in Fig. 9, the reaction forces
over the surface where the normal displacements were prescribed.
The study of the relevance of the two types of initialization is
summarized in Table 8. One can see that for the multiparametric
strategy to be relevant one must reinstate the damage state of
the previous calculation right from the initialization. The informa-Fig. 8. The geometry of the 4-point bending problem.tion on the interface level is insufﬁciently rich, so the gain is prac-
tically inexistent.
6. Conclusion
We presented an efﬁcient computational strategy for the reso-
lution of multiple nonlinear problems, especially when these prob-
lems involve damage. This strategy relies on a domain
decomposition, which makes parallelization easy, and on the LA-
TIN iterative solver. A relevant initialization of the calculation by
reusing previously computed solutions leads to a signiﬁcant reduc-
tion in the number of LATIN iterations, which are necessary, and,
therefore, in the computation time. In the case of variabilities in
the interface laws, only the interface ﬁelds are stored. In the case
of nonlinear substructures with variable behavior, storing the state
of the internal variables is necessary in order to preserve signiﬁ-
cant gains in computation time. The two examples given illustrate
the efﬁciency of the multiparametric strategy as long as these ini-
tialization conditions are respected.
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